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“After this paper had been submitted, in reading the
paper by R. Colella and B. W, Batterman [Phys. Rev.

B 1, 3913 (1970)] we became aware of the work of G. A.
Alers [Phys. Rev. 119, 1532 (1960)] in which the dis-
crepancy between the Debye temperatures deduced from
the elastic constants and the specific heat in V, led him to
suggest that “the low-temperature specific heat includes
a contribution which varies as T3 in addition to the lattice
7% term.” The work of Colella and Batterman supports
Alers’ s hypothesis and, hence, V also appears to be a
material in which acoustic plasmons are present. From
the specific-heat Debye temperature and that deduced
from elastic constants we can obtain a value for f/6,°
~8.5x107 (K)3, Since there appears to be no unambig-
uous data from which a value of Ay, or a “break’ temper-
ature can be obtained, we have not evaluated the param-
eters for V. The need for specific-heat measurements
on V over an extended range of temperatures, on the same
sample, is also manifest in the work of J. A. Morrison
and L. S. Salter [Phys. Letters 9, 110 (1964)], in which
the uncertainties in comparing various data were pointed
out.
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We have observed a correlation between the superconducting transition temperature and the
energy of the first excited electronic configuration of the atom as determined from the optical

spectra.

This has led to the formulation of an empirical pseudopotential using atomic spectral

data. Using this pseudopotential we have shown it to be the dominant factor in accounting for
the cohesive energy, melting temperature, Debye temperature, thermal expansion coefficient,

and superconducting transition temperature.

Two rather distinct approaches to the study of
superconductivity have evolved over the years.
One approach has emphasized empirical correla-
tions between superconductivity and a variety of
other properties such as melting point, hardness,
and position in the Periodic Table.! The other ap-
proach has attempted to explain superconductivity
from first principles using simplified but still mathe-
matically increasingly complex models. 2 These

two viewpoints have on occasion complemented each
other. For example, the observation that the ten-
dency toward superconductivity is inversely re-
lated to the normal state conductivity provided one
of the earliest clues that superconductivity arises
from an electron-phonon interaction since a strong
electron-phonon interaction is generally responsi-
ble for a low normal state conductivity.

On the other hand, the two approaches diverge
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in at least one important respect. The first prin-
ciples approach, by its very nature, dealing as it
must with a highly simplified model, has not been
very successful at treating the most interesting class
of superconductors, namely, the transition metals.
In particular, it has not very satisfactorily explained
certain observed trends, e.g., the oscillatory de-
pendence of T, on Z across the transition series or
the fact that in the group IIIb elements Sc, Y, and
La, only La is a superconductor. Conversely, the
empirical correlations have, for the most part,
offered relationships between equally complex phe-
nomena and, therefore, have not provided much
insight into the fundamental physics of the problem.

In the final analysis, these correlations can be
reduced to the statement that some elements have
high superconducting transition temperatures (and
low melting point, and low normal state conduc-
tivity, and low hardness) while others do not. Such
a statement is an extremely useful rule of thumb,
but hardly the basis for a theoretical model.

We have observed another correlation, the inter-
pretation of which establishes the basic physical
connection between the phenomena involved. We
have found that the superconducting transition tem-
peratures of the elements can be correlated with
the energy of the first excited configuration of the
free gaseous atom (E,). In addition, it has been
found that a correlation exists between E,; and a
number of other physical properties including melt-
ing point, cohesive energy, thermal expansion co-
efficient, and Debye temperature.® This correla-
tion provides a better understanding of the theory
of superconductivity since E, can be directly related
to the electron-ion potential in the metal., In addi-

tion, we have been able to formulate a simple pre-
scription for at least roughly determining this po-

tential,

The correletion between the energy of the first
excited configuration of the atom and the super-
conducting transition temperature is very striking.
It was observed that for nontransition metals the
transition temperature (7,)is proportional to E;

in the case of the transition metals, T,

however,
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FIG. 2.

Cohesive energies of the metallic elements
versus A,
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is inversely proportional to E;. In general, E, for
the transition metals is considerably less than for
the nontransition metals because the d levels are
only slightly lower in energy than the s and p levels
in this region of the Periodic Table. As a result,
T, has a U-shaped dependence on E,,

The physical significance of this correlation
must go deeper than the free-electron properties
or phonon spectrum which clearly cannot be in-
volved in the optical-absorption spectra of free
gaseous atoms., We believe the answer lies in the
electron-ion potential in the metal. For nontran-
sition elements one usually chooses a pseudopoten-
tial to represent the effective potential in the metal.
If we approximate the pseudopotential by a Coulomb
attraction plus a core repulsion obtained from a
point-ion model we find*

V(r)=(1/€)[- Ze?/r+Bo(r)], )
where ¢ is the dielectric constant(including screen-

ing) and B is the strength of the repulsion due to the
ion cores at »=0. The Fourier transform gives

1 41Ze?
Vq=?w<——zlr+ﬁ). (2)

Since we will be interested in small momentum
transfers, e.g., for superconductivity g< 2k, , the
point-ion pseudopotential is a reasonable approxi-
mation. The oscillations in the potential which oc-
cur at large g for more exact pseudopotentials are
of no concern here,

The first term of this potential is just the Cou-
lomb interaction. The second term is the repulsion
felt by the electron as it tries to enter the ionic
core. To see how this is related to the energy of
the excited state consider the following simplified
model of a metal, Ionic cores are located at the
ion sites. Electrons in the intervening region be-
tween the ions are in plane-wave states while elec-
trons in the core are in atomic states. I an elec-
tron tries to go from the intervening region into the
core it must go into an atomic state in the core,
The first state available is the next configuration
above the ground state. The ease of entering the
core is then inversely proportional to the energy
separation of this state from the ground state. The
strength of the repulsion is just measured by 8, so
that qualitatively we can see that

B =1 (E)).
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Pseudopotential calculations exists for 29 nontransi-
tion metals® for which we can compare f and E,
directly. 6 Fig. 1 shows a plot of B as a function of
E, V,, ( Bis in rydberg-atomic units of volume so
E,xatomic volume gives the energy of the excited
state directly comparable with 8). It can be seen
that there is a strong correlation between B~E, V,,.
Infact, crudely we find the interesting result that g
~E,V,. One empirical fit to the data is’

B=E, V, (1-0.003E,V,,). (3)

The results for 24 nontransition elements give good
agreement with this result to about + 25% (the dashed
lines in Fig. 1). The only strong deviations are seen
for Au and the first row of the Periodic Table Li,

Be, B, and C. Figure 1 contains only nontransition
metals because it is only for these that pseudopoten-
tial calculations have been done, We will make the
assumption thatthe prescription given in Eq. (3) is
generally valid and use it to extend the discussion

to transition metals.

We can now examine the correlations found be-
tween the pseudopotential and the properties men-
tioned earlier, T,, the melting temperature, cohe-
sive energy, etc, It is certainly reasonable that
the potential should have an important influence on
these properties since it is the quantity that deter-
mines the strength of the interaction between the
electrons and ions. Let us first consider the cohe-

sive energy. The factor which expresses the devia-
tion of the pseudopotential from the screened Cou-
lomb potential is just

1-(B/4anzZe?)q> (4)

To get an estimate of the relative strength of the
potential let us look at the largest momentum trans-
fer in the lattice g, = 27/V,/® and take as a measure
of this strength the deviation from the screened Cou-
lomb potential at this momentum transfer

A=1—(8/4nze®) (2n%)/V,,2'?], (5)

where B is determined from Eq. (3). We might ex-
pect this to be correlated with the cohesive energy.
Figure 2 shows the cohesive energy® (E,) plotted as
a function of A, The dashed lines give a range of
E, to within a factor of 1, 5. Equation (5) gives the
dependence of the cohesive energy on the potential
to well within this factor for almost all of the 57
metals® plotted on Fig. 2. One would expect the
melting temperature® (7,,) to behave in a manner
similar to the cohesive energy and as can be seen
from Fig. 3, it does. Note that the transition
metals, which have small E,, have large cohesive
energies and high melting points while the nontran-
sition metals have smaller cohesive energies and
melting points due to their larger E, and thereby
smaller net potentials.  fact, in Figure 2 we have
placed a cross in the upper right-hand part of the
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figure which separates the elements, Almost all Fermi momentum) let A become negative, Consider

the transition elements are in the first quadrant
while the third quadrant holds almost all the non-
transition elements.

The next quantity we consider is the Debye tem-
perature,® This parameter is a measure of the pho-
non frequencies and since we know for a harmonic
oscillator w = (¢/M)"2 where & is the force constant
(proportional to the potential) and M is the atomic
mass, we can take M62 as a measure of the poten-
tial. In this case of a well-ordered lattice the maxi-
mum ¢ is just the Debye wave vector g, (this is
identical to 2m/V,}/® for a Bravais lattice). Figure
4 shows M62% plotted as a function of A and the cor-
relations are again apparent,

A fourth quantity we consider is the thermal ex-
pansion coeffecient® since the ease of expansion against
the binding potential is certainly a function of the poten-
tial. This plotis shown in Fig. 5 and exhibits a correla-
tion similar to that seen for the other parameters.

Last, let us consider the most interesting quan-
tity T,. We stated before that T, had a U-shaped
behavior with respect to the potential. This is due
to two factors: First, the potential enters the elec-
tron-phonon interaction quadratically (since it is
really the electron-phonon-electron interaction that
is of interest) and second, the larger momentum
transfers possible for the electrons (2%, twice the

what happens when a small g8 is added to the screened
Coulomb potential Fig. 6 (curve B). The area under
the potential is reduced so that 7, decreases. As

B gets larger (curve C) V crosses zero at q/2%p =1,
After this point (curve D) the area in the region

q/ 2k =1 increases and since this region is the most
significant for the electron-phonon interaction (es-
pecially for umklapp processes) T, now begins to
increase.
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pseudopotential. Curve A is for =0 and curves B, C,
and D are for increasing values of B.
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A is now given by Eq. (4) with g = 2%, and gives
the maximum interaction for each Brillouin zone
that the Fermi surface overlaps, To get a measure
of the total contribution we multiply by Z%#?® which
is proportional to the area of the Fermi surface
relative to the area of a Brillouin zone and thereby
a crude measure of the total number of Brillouin
zones involved., Therefore, we write

A'=Z%3[1- (B/nZe®)R%]. (6)

Figure 7 shows T, plotted as a function of A’. The
left-hand side (negative A‘) contains the nontransi-
tion metals while the right-hand side shows the tran-
sition metals. The characteristic U-shaped depen-
dence is clear. Note that all the nonsuperconducting
elements lie in between the superconductors, Also,
one can see the reason that La is a superconductor

while Sc and Y are not rests in the lower energy of
the first excited state of La and thereby greater A’,
These results seem to support the rather surpris-
ing conculsion that diverse metallic properties such
as we have discussed can be regarded in a certain
sense as atomic properties, at least insofar as they
are strongly correlated to the atomic energy level
structure, It should be pointed out that many effects
have been neglected so the factthat agood correlation
is observed indicates that for the properties consid-
ered here, the potential provides the dominant factor,
the neglected effects being smaller. To the extent
that the potential is dependent on the core states,
these properties are indeed atomic in character,
At the same time, the pseudopotential formalism
provides a means for incorporating this essentially
atomic contribution into the usual metallic approaches.
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One virtue of these results is that they give con-
fidence in the prescription of 8 from spectroscopic
data as an effective pseudopotential for the transition
metals., This is extremely valuable since pseudo-
potential calculations for these materials have not
been done, The technique is, in principle, extend-
able to compounds and perhaps even alloys. The
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simplest approximation would be to take as a pseudo-
potential the sum of the “atomic” potentials of every
atom in the unit cell along with the appropriate
structure factors. An extension of this type would
allow a great simplification in the calculation of
many properties for these materials.
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Using the Bardeen-Kiimmel-Jacobs-Tewordt approach to the BCS theory of a nonuniform
superconductor, we study the problem of a semi-infinite superconductor with a rigid po-
tential barrier at the interface. Very close to T,, the spatial variation of the order param-
eter is given by the Ginzburg-Landau formula A(z, 7)/AL(T) =tanh[z V2 £gr(T)]. At de-
creasing temperatures, however, the order parameter heals much more rapidly than £(T)
=vp/TA « (T), where £gr(T) =lim 0.74 £(7) as T—T,; and, at low and intermediate tempera-

tures, does so over atomic distances.

I. INTRODUCTION

Very close to T,, if the superconducting order
parameter is required to vanish on a plane, it heals
as the hyperbolic tangent, A(z, T)=A(T)
xtanh[z/vV2£¢.(T)], in an approximate length

V2& . (T).' Here £4.,(T) is the coherence length

of Ginzburg-Landau.2? The technique of Bardeen,
Kiimmel, Jacobs, and Tewordt (BKJT) for calcu-
lating vortex structure lends itself well to a varia-
tional calculation of the healing length below the
immediate vicinity of 7. Only modification of the



